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ABSTRACT

Let A, A" be two G-modules and p, A be any two fuzzy G-modules on A
and A" respectively, then p is A-injective if satisfy the following conditions: A
is A’-injective and u(8(a)) = A(a) for each 6 from A* into A and acA’. Let A
be G-module and A be a fuzzy G-module on A, then A is quasi -injective if
satisfy the following conditions: A is quasi-injective and A(6(a)) = A(a) for
each 6 from A into A and a € A. suppose that A is B-injective act. Let (4, )
and (B.og) be two fuzzy S-acts, then o,is og-injective if for each fuzzy
subact(C, a;) of (4,0,) and for each fuzzy S-homomorphism from (C, o) into

(4,0,), can be extended to a fuzzy S-homomorphism from (B, a) into (4, 0,)

In this work, Some generalizations of fuzzy quasi injective S-acts are introduced
and studied. We prove that, if oa's are fuzzy S-acts on S-act A4; (i = 1,2) such
that o4 = g, @0y, and if oa is fuzzy quasi injective , then gy is aAj—injective
for i,j € {1,2}. Also, we prove that every fuzzy closed quasi injective act and
fuzzy directly finite is fuzzy co-Hopfian and many other results. Also we
studied the fuzzy Quasi-injectivity on complete Lattice and conclude many

results such as, If A has no proper essential subact, then p is essential pseudo

injective L-fuzzy act, where u € L(A).
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INTRODUCTION

Zadeh 1n [28] introduce the fuzzy set as a function from a set X into [0,1].
Action of monoids on sets are very powerful, useful and used in a very wide
rang in mathematics and computer sciences as in: Conjugation, translation as
well as in Automate theory and pattern recognition. In the other hand fuzzy
action was studied and used in many applications, by many authors as on rings

and modules and the fuzzy action on semigroups or monoids see [5].

Previous studies were about injective fuzzy G-modules ,quasi injective fuzzy G-
modules ,see [11], quasi injective S-acts, principal quasi injective S-acts, pseudo
quasi injective S-acts, see [1], closed quasi injective S-acts, see [2], and pseudo

injective L-modules ,see [16].

In [20], H.Liu define the concept of fuzzy S-acts. Let A be an S-T-biact. If a
map o: (A, 04) = [0,1] satisfies a(sa) = a(a) and a(at) = a(a),Vs € S,t €
T,a € A ,then o, is called a fuzzy S-T-biact [20].

In [3], S.Arbah and R.saddam introduced the concept of fuzzy injective S-
act over monoids. Suppose that A is B-injective. Let (A, 0,) and (B. og) be two
fuzzy S-acts, then o,is og-injective if for each fuzzy subact (C,o.) of (4, 0y)
and for each fuzzy S-homomorphism (C,o¢) into (A, 04), can be extended to a

fuzzy S-homomorphism from (B, og) into (A, o,) [3].

In this thesis, we study new kinds of fuzzy injective S-acts. The main objective
of this thesis is to study some generalizations of fuzzy quasi injective S-acts.
Furthermore, we examine his relationships with new concepts as fuzzy direct

sum and fuzzy quasi injective S-acts.

The thesis consist three chapters. In chapter one, the basic concepts are

given.



Chapter two consists of three sections. In section one, we introduced
the concept of fuzzy quasi injective S-acts. We studied some properties of such

fuzzy direct sum, see theorem (2.1.5).

In section two of chapter two, contains two parts, in the first part the
concept of fuzzy principal quasi injective S-acts was introduced and some
properties of fuzzy fully invariant and fuzzy fully stable with fuzzy principal
quasi injective S-acts was discussed, see lemma (2.2.4) and proposition (2.2.7).
In the second part of section two the concept of fuzzy pseudo principal quasi
injective S-acts, was introduced. Relationships between fuzzy pseudo principal
quasi injective S-acts and other cases of S-act are given, for any integer n > 2,
o4n 1s fuzzy pseudo PQ-injective if and only if g, is fuzzy pseudo PQ-injective
S-act in corollary (2.2.17). Also we get results that associate it with a fuzzy

retract and fuzzy direct sum.

In section three of this chapter, we introduced the concept of fuzzy
closed quasi injective S-acts as a proper generalization of fuzzy quasi injective
S-acts. We discussed the relationship between the concept of fuzzy retract,
fuzzy Hopfian , fuzzy co-Hopfian, fuzzy directly finite with fuzzy closed quasi

injective S-acts.

Chapter three consists of two sections. In section one of this chapter, we
reviewed some basic concepts that are relevant to our work in section two of
this chapter, the definition for example : L-fuzzy act, L-fuzzy subact, uniform
act, and supremum property. In section two of this chapter, we introduced the
concept of pseudo injective L-fuzzy act as a generalization of pseudo injective
L-modules. From the theorem (3.2.7) we get a relationship between pseudo

injective L-fuzzy act and essential pseudo injective L-fuzzy act.



CHAPTER ONE

PRELIMINARIES



CHAPTER ONE
PRELIMINARIES

In this introductory chapter, we will provide some definitions and known

results that will be used in the other chapters.

1.1 Monoids and S-acts

In this section we will studied the action of monoid on a set for this we
recall that a semigroup is a non-empty set with associative binary operation. If

the semigroup S has an identity then it is called a monoid [24]. A non-empty set

B with a function 0: B X S — B such that 6(b, s) — bs and satisfy the following
properties:

b(st) = (bs)t Vb € B and s,t € S and be = b where e is the identity of S, in
this case we denote Bs by a right S-act.

If S is an S-act over itself then its denoted by Sg [21 ]. Note that, if they replace
B by additive abelian group, S by a ring R and adding distribution property then
a non-empty set B is called an R-module, so it is clear from the definitions of S-
act and R-module that the theory of monoid and S-act is a generalization of the
theory of rings and modules since every R-module is an S-act but the converse
is not true in general. We must mention that the theory of the following names
are also used for the same concept: S-sets, S-operands, S-polygons, S-systems,

transition systems, S-automata.



Definition (1.1.1) [18]: Let S be a semigroup. A nonempty subset | of S is
called left ideal of S if SI < I; a right ideal of S if IS € I; an ideal of S if
SICland IS c 1.

Definition (1.1.2) [9]: The direct product SxT of two semigroups S and T is
defined by (a;,by)-(az b,) = (aja,,bib,) where a; € S,b; € T.The new

semigroup SXT inherits of both Sand T.

The functions m;:SXT—->Sandm,:SXT—>T such that m(ab)=
aand m,(a,b) = b are called the projection of the direct product SxT.

In general S X T # T x S,as the following example shows, let S = (N, +) and
T = (N,-).Then in the direct product SxT, we have (n,r) - (m,s) = (n + m,rs)
but in the direct product TxS, we have (r,n) - (s,m) = (rs,n + m).The direct
product operation is associative on semigroups: S X (T x U) = (SxX T) X U, and
hence we can define S; XS, X ...x S, as the finite direct product of the
semigroups Si.

Definition (1.1.3) [21]: A right S-act Bs over monoid S is a non-empty set,

with a function B: B x S — B, implies that (b, s) — bs such that the following

properties hold:
(i) (bs)t = b(st),vbEBand s,t €S

(ii) (be) = b, where e is the identity element of S.

Remark and example (1.1.4) [21]: It is clear that every R-module is S-act but

the converse is not true in general. For example, let S ={1,0,a,b} be a
semigroup with ab = a? = a and ba = b? = b, then it easy to check that S as

an S-act over itself but not module.



Definition (1.1.5) [18]: Let B #+ @ and a subset of an S-act Cs , then B is called
S-subact of Cs if xseB , VxeB and s eS.

Definition(1.1.6) [18]: An S-act A is generated by one element, then A

Is called principal S-act if A, =as,wherea € Ag,s€S and it is

denoted by A, =< a >.

Definition(1.1.7) [18]: Let A and Cs be two S-acts, then the function

a:As = Cis called S-homomorphism if a(as) = a(a)s, Va € A; and s € S.

Definition (1.1.8) [30]: Let A = ®;¢;A;be a subset of [];¢;A4; consisting of all

(a)ier € [liefA;for which a; # 0; is a finite number,then A is aright S-subact
of the product [];¢;4; under component-wise multiplication (this mean(a;)s =

(a;s)). Then A'is called the direct sum.

Note that the direct sum A depends on the choice of zeros. If 1 is finite, then A;
is called direct summand. Thus, we can defined direct summand as follows: let
A be an S-act and let A; be a sub act of A. then A; is called direct summand if
there exists a subact A, of As such that A, = A;@®A, which implies that
A=A UA,and A, N A, = 0.

Definition (1.1.9) [18]: Let As be S-act. Then :

(@) As is called simple if it is contains no subacts other than Asitself.

(b) A is called ®-simple if it is contains no subacts other than Asand one

element subact ®s.



Clearly, the one element act O is simple.

Definition (1.1.10) [18]: Let p:A; = C; be an S-homomorphism, then 3 is

called a retraction (split) if there exists an S-homomorphism a: C; — Ag such

that foa = I and C; is said to be a retract of As.

Definition (1.1.11) [21]: Let C be a subact of As. Then C is called large (or

essential) in Ag if any homomorphism a: A; = N, where Ns is any S-act with
restriction to C is one to one, then o is itself one to one. In this case As is

essential extension of C.

Definition (1.1.12) [21]: Let C + © be a subact of As. Then C is called

intersection large if for all non-zero subact N of A;;, NNnC # 0, and will

denoted by C is Nn-large in A..

Every large subact of an S-act As is N-large, but the converse is not true in

general, see [10].

Definition (1.1.13) [24]: Let C be a subact of S-act As.Then C is called fully

invariant if §(C) < C for every endomorphism 3 of Ag, and Ag is called duo if

every subact of Ag is fully invariant.

For example, let S = (Z,-), then consider S as an S-act over itself, then S, duo

act.



Definition (1.1.14) [24]: An S-act A is called multiplication if each subact of

A is of the form Al , for some right ideal I of S.

For example, Z, is multiplication act. Every multiplication S-act is duo, see
[24].

Definition (1.1.15) [1]: An S-act A is called Hopfian (respectively co-
Hopfian) , if every surjective (respectively injective) S-homomorphism
f:Ag = Ag is automorphism.

Example (1.1.16) [1]: Q is Hopfian and also co-Hopfian

Definition (1.1.17) [13]: Let C be a subact of S-act Ag, then C is called stable if

B(C) < C for every S-homomorphism g:C — As. An S-act As is called fully

stable if every subact of Ay is stable.

Examples (1.1.18) [1]:

(1) Every simple S-act is fully stable;

(2) Let S be semigroup and S is equal to the set of all integers with
multiplication. Now, consider Z as an S-act over itself. Then Z is not fully
stable, for define f:2Z, » Z,by f(2n) =3n,vn € Z. It is clear that f is
S-homomorphism, but f(2Z) & 2Z.



1.2 Injective and Quasi injective on S-acts

In this section, we will study the concept of the injective and quasi injective

and some of the results that will be used in the other chapters.

Definition(1.2.1) [18]: Let A and A* be two S-acts. Then A is A*-injective if for

every S-subact C of A” and any homomorphism a: C — A can be extended to a

homomorphism f:A* - A .

An S-act A is injective if and only if A is A*-injective for every S-act A.

Definition(1.2.2) [21]: An S-act A is called quasi injective if it is A -injective

this means that if for any S-subact B of A and any S-homomorphism a: B — Ag
, there exists S-endomorphism 8: A, — A such that 0 is an extension of o , that

Is Boi=a where i is the inclusion mapping of B into A, see diagram (1)

B i5 A
a
0
A
Diagram(1)

Remark and example (1.2.3) [21]: Every injective S-act is quasi injective S-act

but the converse is not true in general, for example: let S be semigroup {0,a,b}
with ab = a? = a and ba = b? = b. Now S considered as an S-act over itself is

quasi injective, but when we take N = {a,b}, be subact of S; and f be



b if x=a
a if x=0>b

homomorphism cannot be extended to S-homomorphism 8: S, — Ss. If not, that

S-homomorphism defined by f(x)={ then this S-

is their exists S-homomorphism h:S; — S, such that h(x) = f(x), for each
x € C, which is the trivial S-homomorphism (or zero map) since other extension
is not S-homomorphism. Then b = f(a) = h(a) = a(0) which implies that

b = a(0), and this is a contradiction.

Before the next lemma, we need the following proposition:

Proposition (1.2.4) [18]: Let A = [];e/4; is injective if and only if A; is

injective for all iel.

Lemma(1.2.5): Let A is quasi injective, then A is Aj-injective such that

A= Al@AZ fOI'j € {1,2}

Proof: Let A is quasi injective S-act. To show that A is A;-injective. Then for
each C is subact of A; and for each f:C — A is S- homomorphism. But A is
quasi injective S-act, then 3g: A—>A is S-endomorphism, such that g|. = f.
Now, let o= (QOiAj) =A; > A be S-homomorphism, such that al; =

(goiAj)(a) = g(a) = f(a). Thus, a|. = f. As shown in the diagram (2):



A
Diagram (2)

Therefore, A is A;-injective S-act. [

Definition (1.2.6) [8]: Any maximal essential extension of an S-act Agis called

an injective envelope of As. It is unique up to isomorphism over As.

Corollary (1.2.7) [8]: The following are all equivalent:

(1) Is is the injective envelope of As;
(2) Is is both an injective and essential extenation of Ag;

(3) Is is @ minimal injective extention of As.

Definition(1.2.8) [27]: An S-act A is called pseudo injective if for any S-

subact C of A; with usual S-monmorphism i from C into A; and any S-
monomorphism o from C into A, there exists an S-endomorphism 3 of Assuch

that a = Boi.

By definition above, we can obtain directly:

10



Lemma (1.2.9) [27]: Let S be a monoid, the following are equivalent:

(a) Asis pseudo-injective S-act;

(b) For an arbitrary containing homomorphism o from subact C into A; and an
S-monomorphism B € Hom(C,A,), there exists 6 € End(A;) such that

B = Boa, namely 6,. = .

Remark (1.2.10) [27]: It is clear every injective S-act (and hence quasi

injective) is pseudo injective S-act but the converse is not true in general.

Definition (1.2.11) [1]: An S-act A, is called principally quasi injective if

every S-homomorphism from a principal subact of As to A can be extended to

S-endomorphism of As. (We write A is PQ-injective).

Remark and example (1.2.12) [1]: Every quasi injective (and hence injective)

S- act is PQ-injective. But the converse is not true in general for example Let S
be the monoid {a, b, c, e} with a,b be left Zero of Sand ca = cb = cc = a and
e be thr identity element.Then consider S as an S-act over itself. It is clear that
every subset of S is subsystem of S. Since every homomorphism from right
principal subact (as = {a}or bS = {b}or ¢S = {a, c}) can be trivially extended
to S-homomorphism of S; so S, is PQ-injective act, but when we take K =
{a,b} Dbe subact of S, and f be S-homomorphism defined by:

alx) = {2 i;izg . Then this S-homomorphism cannot be extended to

S-homomorphism B:S; = S., If notthat is there exists S-homomorphism

B:Sg = Sgsuch  that B(x) = a(x), VxeK,which is just the trivial S-

11



homomorphism ,since other extension is not S-homomorphism .Then, b =

a(a) = p(a) = a which implies that b = a, and this is a contradiction.

The following lemma is given a condition for an S-subact C of PQ-injective act
A to be PQ-injective:

Lemma(1.2.13) [1]:

(1) Every fully invariant subact of PQ-injective act is PQ-injective;

(2) Retract of PQ-injective act is PQ-injective.

Proposition(1.2.14) [1]: Let S be commutative monoid and As be a

multiplication S-act. Then A is fully stable if and only if As is PQ-injective.

Definition(1.2.15) [1]: An S-act Ag is called pseudo principally B-injective

(for short pseudo P-B-injective act) if for each S-each S-monomorphism from a
principal subact of an S-act Bs into Agcan be extended to S-homomorphism
from Bs into Ag. An S-act Bs is called pseudo principally quasi injective

(pseudo PQ-injective act) if it is pseudo principally Bs-injective.

Remark and examples (1.2.16) [1]:

(1) Every PQ-injective (and hence quasi injective ) S-act is pseudo PQ-injective.
But the converse is not in general, for example, Let S be the monoid {1, a, b, 0}
with ab = a® = a and ba = b*> = b.Now , consider S as a right S-act over
itself , then the only non-trivial principal subacts of S¢ are aS = {a, 0} and
bS = {b,0}.1t is clear that S¢ is pseudo PQ-injective. But when we take C =

12



{a,0} be principal subact of Sg and f be S-homomorphism defined by:

a(x) = {2 ;}{i :2 . Then this S-homomorphism cannot be extended to S-

homomorphism f:S; = S;. If not, that is there exists S-homomorphism
B:Sg = Sgsuch that B(x) = a(x), Vx eC,which is the trivial S-homomorphism
(or zero homomorphis), since other extension is not S-homomorphism .Then
b = a(a) = f(a) = a(0) which implies that b = a(0),and this is a

contradiction.

(2) Retract of pseudo PQ-injective act is pseudo P-B-injective.

For more properties of pseudo PQ-injective S-acts, we have:

Proposition(1.2.17) [1]: Let M be S-act. If B is pseudo P-M-injective, then B is

pseudo P-A-injective act for any principal subact A of M.

Theorem(1.2.18) [1]: Let Ajand A, be two S-acts. If A;@A, is pseudo PQ-

injective.Then A; is pseudo P-As-injective (where i, j=1,2).

Lemma(1.2.19) [1]: Let {Ni}ic, be a family of S-acts, where I is a finite index

set. Then, the direct product [];¢;N;is pseudo P-A-injective if and only if N; is

pseudo P-A-injective foreveryi € /

Definition (1.2.20) [1]: A subact C of S-act Ag is called closed if it has no

proper N-large extension in A, that is the only solution of € ™ L & A is
C=1L.

13



Definition (1.2.21) [2]: Let A and B be two S-acts, then A is called closed A-

injective (for short C-A-injective) if for any homomorphism from a closed

subact of A to B can be extended to homomorphism from A to B. An S-act B is

called closed quasi injective if B is C-A-injective.

Remark and example (1.2.22) [2]:

(1) Every quasi injective act is closed quasi injective (for short C-quasi
injective),but the converse is not true in general, for example Z with usual

multiplication is C-quasi injective Z-act but it is not quasi injective.

(2) obviously, definition (1.2.21) is up to isomorphism. This mean that

iIsomorphism act to C-quasi injective act is C-quasi injective.

Now, the following propositions give relationship among C-A-injective act,

retract, fully invariant and direct sum :

Proposition (1.2.23) [2]: Let A is C-quasi injective act.Then every fully

invariant closed subact of A is C-quasi injective.

Proposition (1.2.24) [2]: Every retract subact of C-A-injective act is C-A-

Injective act.

Proposition (1.2.25) [2]: Let A and B, are two S-acts.if K is C-A-injective act,

N is a closed subact of A, and then K is C-N-injective act.

14



Proposition (1.2.26) [2]: Let A, be an S-act and {N;|i € I} a family of S-

acts.Then [];¢;N; is C-A-injective act if and only if N; is C-A-injective act for

every i € 1.

The following diagram illustrates the relationship of the concepts

mentioned in this section:

njective S-act

|

v

pseudo injective S-act Quiasi injective S-act

CQ-injective S-act

v

PQ-injective S-act

f

v

Pseudo PQ-injective S-act

15



1.3 Fuzzy S-acts

In this section we recall that familiar concepts and some well-known
results which are relevant in our work, and also describes the basic concepts of

fuzzy act.

Definition (1.3.1) [28]: The characteristic function of a crisp set (classical set or

non-fuzzy sets) assigns a value of either 1 or 0 to each individual element in the
universal set, thereby discriminating between members. This function can be
generalized in such a way that the values assigned to the element of the
universal set fall within a specified range and indicate the membership grade of
these elements in the set in question. Larger values denote the higher degrees of
the set membership. Such a function is called a membership function, and the
set defined by it a fuzzy set. The must commonly used range of values of

membership function is the unit interval [0,1].

i.e. A fuzzy set A on the set X is a function 1: X — [0,1]. The set of all fuzzy set
of X is called the fuzzy power set of X and is denoted by F*.

Definition (1.3.2) [19]: Let A, u € FX, then:

MACue Ax) < ulx),vx € X.

(iDl=ue= Ax) = ulx),vx € X.

Definition (1.3.3) [19]: Let A, u € FX. The union A U p and intersection A N p in

F* are defined as follows:

AU wx) =Ax) Vv ulx)

Anw(x) =A(x) Au(x),vx € X.

16



Where Vv and A denote maximum and minimum respectively.

Proposition (1.3.4) [15]: Let a is a function a set A into a set B, A and n are

fuzzy sets of A, then a(A N p) = a(A) N a(w).

Proposition (1.3.5) [22]: Let o is a function a set A into a set B, A and p are

fuzzy sets of A, then a(An )™ = a 1) na~1(w).

Definition (1.3.6) [28]: Let 6 be a mapping from a set A into a set B, let A be a

fuzzy set in A and p be a fuzzy set in B.

The image of A denoted by 6(1) is the set in B defined by:

o), = {SUP{A(x)Ix €07 (1} if 07 () =P VyEA
g 0 otherwise

And the inverse image of p denoted by 67(p) is the fuzzy set in A defined
by: 071 (W) (x) = u(0(x)), for all x € A.

Definition(1.3.7) [20]: Let A be a left S-act. If a function ¢,:4 — [0, /]

satisfies o,(sa) = 0,(a),Va € Aand s € S,then (4,0,) is called a Fuzzy

(left) S-act.

Similarly we can definition a fuzzy right S-act.

17



Let A be an S-T-biact. If a function o,:A—[0,1] satisfies

o,(sa) 20,(a) and o,(at) 2 o,(a),Vs €S,t €T,a € A, then (4,04) s

called a fuzzy S-T-biact.

Example (1.3.8): Let S = {1, a} with a? = 1 be a semigroup. Consider S be an

S-act over itself, if A = S define o ,: A - [0,1] by:

(174 ifx€A .
o,(x) = { 172 otherwise Therefore g , is fuzzy act on A.

Lemma (1.3.9) [5]: Let Bs be an S-act and C < Bs.Then the characteristic

function uc of C is a fuzzy subact of Bs if and only if C is an S-subact of Bs.

Example (1.3.10): Let S ={1,0,a,b} be a semigroup with ab =a? =
a and ba = b®> = b. Then consider S as an S-act over itself. Now, let

N ={1,0,a} be a subset of S. Then the function oy:N — [0,1] defined

0 ifx=1
by oy (x) = ; if x =a.Then gy of N is fuzzy subact of S.
1 ifx=0

Definition (1.3.11) [5]: Let (4,0,) and (B,oz) be two fuzzy S-acts. An
called a fuzzy S-homomorphism from

S-homomorphism a:A4 - Bis
(A,04) » (B,op) if og(a(a)) = a4(a) forall a € A.
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Definition (1.3.12) [20]: Let (A,0,) and (B, ap) be two fuzzy S-acts and let

A:(A,04) = (B,og) be a fuzzy S-homomorphism. If A is an epimorphism

(a monomorphism), then A is called a fuzzy epimorphism (momomorphism).

Definition (1.3.13) [20]: Let (A,0,) and (B, ap) be two fuzzy S-acts and let

A:(A,04) » (B,og) be a fuzzy S-homomorphism. If A:A—->B is an
isomorphism and Va € A,we have az(1(a)) = g4(a),then 4 is called a fuzzy

isomorphism.

Definition (1.3.14) [5] : Let (4,04) and (B,op) be two fuzzy S-acts, then

(A,04) is called fuzzy retract of (B,og) if there exist a fuzzy S-
homomorphisms a: (B,a5) — (4,0)
and B: (A4,04) — (B,0g) such that foa = Ip.

Definition (1.3.15) [3]: Suppose that A is B-injective. Let (4, 0,) and (B.ag) be

two fuzzy S-acts, then og4is op-injective if for each fuzzy subact (C,c.) of

(A,04) and for each fuzzy S-homomorphism a:(C,o.) — (4,04) , can be
extended to a fuzzy S-homomorphism S: (B,a5) = (4, 0,4).

Theorem (1.3.16) [29]: Let a: (4,04) — (B,0g),B: (B,0g) = (C,0.) be two

fuzzy functions and 8 = foa,then:
(1) 0 is injective implies a also;

(2) 0 1s surjective implies 3 also.

19



1.4 Application of Fuzzy S-act

Fuzzy S-act has many applications as such as finite state machines language
theory and infinite state S-act (automata), we will give simple example of fuzzy

finite state S-act constructing from a finite state S-act.

The difference between finite state S-act and fuzzy finite state S-act is that the
first one is reject or accept a given string white a fuzzy state S-act accept it by a

degree of acceptance.

Definitions (1.4.1) [26]: A finite state S-act is a five triple, M = (4, S,6,F, ay):

A is a finite S-act it's elements are called states.

S is a finite monoid.
6 is a function of S-act, 6: 4 X S - A.

F € A is the finial state.

Definition (1.4.2) [26]: A fuzzy finite state S-act is a five triple M =
(4,5,8,i,1):

e Aand S are like the finite state S-act.

e i is the fuzzy subset of A called the fuzzy initial state.

e fisafuzzy subset final state

e § is the transition of p where w:A-[01] (i.e) S:AXA-pu
or we can say 5:AxSxA-[01] defined by

) vV u(ag): 6(ag,S) = a;
6 ';S; j :{ ; )
('u‘ a]) 0 if nosuchS exist
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Example (1.4.3) [26]: Let M = (4, S,6,x,y) where A = (ay,a1), S ={a, b},

X =0ag,y = aq

a
. e ) )
a
Diagram (3)

The from the diagram (3) & can be defined as follows §: S x A — A such that
6(ap,a) = a4

§(ap, b) = a4

6(a;,a) = ay

5(ay,b) = a4

It is a mathematical model a finite state S-act. For the fuzzy finite state S-act.
M= (45S,8,i,f)

We will construct the different finite fuzzy states u; (fuzzy S-acts of A)

(u: A - [0,1]), from the finite state S-act. If u, is the fuzzy initial state defined

0.2 ifx=aq

by : u,(X) ={0.4 ifx=a,’ we can say §: i X S — u the action of S on p

Ifs=a

6(ag,a,a1) = 04 (uo(ay) = 0.4)
6(ay,a,a9) = 0.2 (uo(a) = 0.2)
So

04 ifx=aq

1 =105 (e e - 508Gt b ).
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Ifs=»b
S(al, b, al) = 0.4 (ﬂo(al) = 04‘)

S(ao» b,a;) =04 (po(a) =04)

So

(0 if x =ag A
1200 = {04 Trx o - S0 8o b k).
Similarly

S(ao,a, a;) =02 (u(ay) =0.2)

S(al,a, ap) = 04 (u1(ap) = 0.4)

Which is equal to ug, S0 6 (i1, b, 1,),

S(apb» a;) =0 (uz(ag) =0)

S(ao» b,a;) =04 (uz(a;) =04)

Which is equal to u,, 0 §(uy, b, 1,), in similar manner we get:

6 (uz @, 113), 6 (g, b, 7). 6 (U3, @, 12), 6 (13, b, 1).

As we can illustrate it in the following diagram(4):

22



Ha

Ho
a
b b
b
U a
a
Diagram (4)
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CHAPTER TWO

Introduction

In [21] A.Lopez introduced the concept of quasi injective S-act as proper
generalization of injective S-act. An S-act Asis called quasi injective if it is As-
injective this means that if for any S-subact B of A; and any S-homomorphism
a:B — A, there exist S-endomorphism 6: A; — A, such that © is an extension
of a , that is oi = a where i is the inclusion mapping of B into As. In [1]
S.A.Abdul-Kreem and M.S.Abbas introduce the concept of principally quasi
injective S-acts (PQ-injectve S-act) as a generalization of quasi injective S-

systems over monoid.

This motivate us to introduced and study the concept of fuzzy quasi
injective S-acts over monoids and fuzzy principal quasi injective S-acts as a

proper generalizations of fuzzy quasi injective S-acts.
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2.1 Fuzzy Quasi Injective S-acts over Monoids

In [11], S.Fernandez and S.Sebastian introduce the concept of quasi
injective fuzzy G-modules. In this section we will be study the concept of fuzzy
quasi injective S-acts over monoids as a generalization of quasi injective fuzzy

G-modules.

Definition (2.1.1): Let A be a quasi injective S-act. A fuzzy S-act (A,o0,)is

called fuzzy quasi injective S-act (for short FQ-injective) if for each fuzzy
subact (C,o,) of (A4,04) and for each fuzzy S-homomorphism
a: (C,o:) —» (4,0,), there exists a  fuzzy S-homomorphism

S (A,04) = (A4, 0,) such that B is an extension of a, see diagram (5):

o0
o
o

A

Diagram (5)

(Fuzzy injective S-act< > FQ-injective S-act)

Remark (2.1.12): It is clear every fuzzy injective S-acts is FQ-injective S-acts

(for this, Let (A,0,4) be a fuzzy injective S-act. Then A is injective and (4, a4)
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satisfy the fuzzy condition. Since A is injective S-act then A is quasi injective

S-act (by remark and example (1.2.3)). Thus g, is FQ-injective S-act).

The converse of remark above is not true in general (since every quasi injective
S-act is not injective, see remark(1.2.3)).

Example (2.1.2) : Let A be any quasi injective S-act. Then the functions
g,: A — [0,1] defined by :

(1) os(x) =t,Vvx € X and

Where "t" is a fixed element in [0,1], are fuzzy S-act on A and fuzzy quasi

injective S-act .

Before study of the fuzzy direct sum , we need the following proposition which

Is a generalization of proposition [3.2.12] in [11]:

Proposition (2.1.3): Let A be S-act over K and A = @j-,4; , where A; are S-

subacts of A for each iIf gy (1 <i<mn)are fuzzy S-acts on A; then
o4: A - [0,1]defined by o4(a) = min{oy,(a;):i = 1,2,...,n},where a = q; €

A is a fuzzy S-act on A.

Proof: Since each o, is a fuzzy S-acton A; , forevery s € Sand a = a; € A4,

then o, (sa) = o,(sa;)

=A {aAi(sai):i =1,2, ...,n}
= oy,(sa;), for some i

= O-Al' (ai)
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= gy(a)

Therefore oy is a fuzzy S-act.[]

Definition(2.1.4): The fuzzy S-act s on A = @}, 4;, in proposition (2.1.3)

with g, (0) = a,,;(0) for all i ,is called the direct sum of the fuzzy S-acts gy,

and is denoted by o4 = @_,0,;.

Theorem (2.1.5): Let A; and A, be two S-subacts of S-act A such that

A=A1@A,. If A is quasi injective S-act, then A; is Aj;-injective for
i,j € {1,2}. Further if oa's are fuzzy S-acts on A; (i = 1,2)such that
o4 = 04,D0,, and if oa is fuzzy quasi injective , then gy is aAj—injective for
i,j €{1,2}.

Proof: Suppose that A = A;@®A, is quasi injective. Then by proposition
(1.2.4), A'is Aj-injective for j = 1,2. Also it follows from lemma (1.2.5) , 4; is

Aj-injective for i,j € {1,2}. This proves the first part of the theorem.

Now, to prove that g, is aAj-injective. Suppose that ca is fuzzy quasi injective

, then (i) A is A-injective (A is quasi injective) (ii) a,(B(a)) = g4(a),VB €
Hom(A4,A) and a € A.

Frist to prove g, is gy, -injective (i.e to prove (a) A; is Ay-injective and (b)

aAl(a(az)) > 0y,(az),Va € Hom(A,,A;) and a; € A,

Proof of (a):From (i), we have A is A-injective. Hence it follows from the first

part of the theorem A, is A,-injective.
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Proof of (b):Let « € Hom(A,,A;).Consider the inclusion homomorphism

i:A; > A=A,8®A,.Then ¢ = ioa: A, > A = A;DA, is S-homomorphism.

Since A is A- injective , then there exist y: A — A can be extension of ¢,so that

As shown in the diagram (6):

¥

Ay ta,

Diagram (6)
Since Y € Hom(A, A),then from (ii),we have:
oa(Y(@)) = o4(a),Va€eA... .. (2)
Since A = A;®A, |ifa, € A,,thena, = (0,a,) € A = A;PA,
~.From (2), we get: o4,((ay)) = g4(ay),Va, € A, ... ... (3)
Also
aa(az) = 04(0,az)

=0,,(0) A 0y,(a2)
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From (1), we get: ¥ (az) = ¢(az) = i(a(az)) = a(az)
Therefore, o4,(Y¥(a,)) = g4(a(ay))
= 0y(a(az),0)
= 0y, (a(az)) Aay,(0)
=0y, (a(az)) . - (5)
From (3),(4) and (5), we get:
oa,(a(az) = gy,(az),Va € Hom(Az, A;) and a; € A,.
Therefore g4, is g,,-injective.Similarly we can show that gy, is g, -injective.
Now to prove that g, is o, -injective. From (i),we have: A is A-injective.

Hence, from the first part of this theorem, we get: A; is A;-injective. Now, let
o € Hom(A;,A;). Consider the inclusion homomorphism i:A; - A.Then
6 =ioa: A, —>A is S-homomorphism. Since A is A-injective ,then there exist

f:A — A can be extension of 6, so that f|A; = 6. As shown in the diagram (7):

/_741 iAl A
a
/
0 A4 B
I
A
Diagram (7)
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Since B € Hom(A, A), from (ii), we get:
04(B(a)) = o4(a),Va € A

04(B(ay)) =04(a;),Va, € A; ... .. (6)
If a; € A;, then we have:

oa(a;) = ox(ay,0)

= ay,(a;) A ay,(0)

Also, B(a,) = 8(ay) = i(a(ar)) = a(ay) € 4,
Then o, (B(a1)) = oa(a(as))
= oa(a(ay),0)
= 0a,(a(ar) Aay,(0)
= 04, (a(ay)) .. .. (8)
From (6),(7) and (8), we get :
04, (a(ay)) = 04,(a;), Vo € Hom(Ay,A;) and a; € Ay
Therefore g, is a,_ -injective

Similarly we can show that o4, is a4,-injective.This completes the proof.[]

The following corollary is immediately from Theorem (2.1.5):

Corollary (2.1.6): Let A = @}, A; be S-act , where Aj's are S-subacts of A. If

A is quasi injective , then A; is A;-injective for i,j € {1,2, ...,n}.Also if ou's are
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S-acts on Aj's such that o, = @i_,0,, and if g, is fuzzy quasi injective,then o,

IS aAj-injective for every iand j.

Theorem (Converse of theorem[2.1.5]) (2.1.7): Let A; and A, be two S-
subacts of S-act A such that A = A;@A,. If A; is Aj-injective for i,j € {1,2},

then A is quasi injective S-act. Further if oa's are fuzzy S-acts on
A; (i = 1,2) such that a4 = g, @ g, and if g, is crAj—injective for i,j € {1,2},

then o, is fuzzy quasi injective.

Proof: Suppose that A; is Aj-injective fori,j € {1,2}. Then, It follows from
proposition (1.2.4) , A is injective and hence quasi injective. This proves the

converse of the first part of the theorem (2.1. 5)

Now, suppose that g, is aAj—injective sthen A; is Aj-injective and hence A is

quasi injective. To prove the fuzzy condition for the quasi injective
Since gy, is aAj-injective, then oy, is g, -injective.
Thus, g4, (ay(as)) = 04,(ay),Va, € Hom(Ay, A3) ... ... (1D
Also, a, is gy, -injective.
Thus, g4, (az(az)) = 0g4,(az),Va, € Hom(4z, Ay) ... ... (2)
From (1) and (2) , Va, € A;and a, € A, we Qet:
oa,(@2(az)) A oy,(a1(aq)) = agu,(ay) A oy, (aq)

oa(az(az),a:1(a1)) = o4 (az aq)

ox(a(a)) = oy(a)

Hence for every « € Hom (A, A) and a € A, then o4(a(a)) = o4(a).
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Therefore o, Is ag,-injective (o4 is fuzzy quasi injective). This complete the

proof of the second part. [

The following corollarys is immediately from theorem (2.1.5) and theorem

(2.1.7) respectively by induction on ‘n’ :

Corollary (2.1.9): Let A = @;L,A; Where A;s are the S-subacts of A. Let g,'s

are fuzzy S-acts of A; such that o, = @;_,0,,. If g, is fuzzy quasi injective then

0, 1S a4 -injective for all i, j(1 < i,j < n).

Corollary (2.1.10): Let A = @;_, A; where A;s are the S-subacts of A. Let g4,'s

are fuzzy S-acts of A; such that o4 = @i 0y,. If 0, is g, -injective for all

i,j(1 <1i,j <n)then gy is fuzzy quasi injective.
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2.2 Fuzzy Principal Quasi Injective S-acts and Fuzzy Pseudo Principal

Quasi Injective S-acts

In this section, we will introduce the concepts of fuzzy principal quasi
injective S-acts and fuzzy pseudo principal quasi injective S-acts ,and we

discuss some properties of them.

Definition (2.2.1): Let A be principally quasi injective S-act. A fuzzy S-act

(A,0y) is called fuzzy principally quasi injective (FPQ-injective act) if for
every fuzzy principal subact (C,o.) of (4,04) and every fuzzy S-
homomorphism u: (C,o.;) = (4, 0,) extends to fuzzy S-homomorphism from
(A,0y) into (4, ay).

(FQ- injective S-act FPQ-injective S-act)

Remark (2.2.2): It is clear every FQ-injective (and hence fuzzy injective ) S-

acts is FPQ-injective S-acts (for this, Let (4, 04) be FQ- injective S-acts. Then
A is quasi injective S-act and (4, 04) satisfy the fuzzy condition. Since A is
quasi injective S-act, then A is PQ-injective S-act (by remark and example
(1.2.12)). Thus a4 is FPQ-injective S-act).

The converse of remark above is not true (since every PQ-injective S-act is not

quasi injective (and hence not injective), see remark and example (1.2.12)).

Example (2.2.3): Let S be a monoid such that S = {a, b, ¢, e}, with a, b be left

zero of Sand ca = ab = cc = a and e be the identity element. Then consider S
as an S-act over itself. Since every homomorphism from right principal subact

(as = {a}or bS = {b}or cS ={a,c}) can be trivially extended to S-
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homomorphism of Sg. Therefore Sg is PQ-injective. Then the function og: S —
if x=a,b

[0,1] defined by: og(x): if x =c . Hence gs is fuzzy S-act on S and

ifx=e

\

also it follows from definitions of o5 that os(a(x)) = g5(x),Va €

Hom(S,S) and x € S. Therefore a5 is FPQ-injective S-act.

Definition (2.2.4): Let C be fully invariant and let (C, o) be a fuzzy subact of

fuzzy S-act (4,0,) , then (C, a.) is called fuzzy fully invariant if a(o;) S o,

for each fuzzy S-homomorphism a: (4, ad4) = (4, 9,).

Now, we give a condition for an fuzzy S-subact C of FPQ-injective act A to be

FPQ-injective :

Lemma (2.2.5):A fuzzy retract of FPQ-injective is FPQ-injective.

Proof: Let (B, o) be a fuzzy retract of FPQ-injective S-act (4, ay).

By definition of fuzzy retract ,then:

Ja: (B,og) = (A, 0,) Thatis GA(a(b)) > og(b) ... (1) and

3B: (4,0,) - (B,05)That is o5((a)) = a4(a) ... .. (2)

Suchthat foa = Iy .....(3)

But A is PQ-injective S-act, then B is PQ-injective S-act by lemma (1.2.13) (2)

Consider the diagram (8):
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R A
r} r

Diagram (8)
Then 36 = Bofoa such that f € Hom(4,A)
To show that o(6(b)) = o(b) , V6 € Hom(B, B)
op(0(b)) = og(Bofoa(b))
= og(B(foa)(b))
= aa(foa)(b)) by (2)
= aa(f(a(b))
= da(a(b))
= og(b) by (1)

Therefore (B, g5 ) is FPQ-injective S-act.[]

Lemma(2.2.6): Every fuzzy fully invariant subact of FPQ-injective act is FPQ-

injective.

Proof: Let (A4,04) be FPQ-injective and let (B,oa5) be fuzzy fully invariant
subact of (A4, a4). Then B is PQ-injective by lemma (1.2.13) (1).

To show that oz (a (b)) = o5(b),Va € Hom(B, B). Now, Ya € Hom(B, B) so
a € Hom(B, A). Then there exist # € Hom(A, A). Such that 8|z = «a, we get:
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ap(a(b)) = ag(B(D))

> og(b) (since B is fuzzy fully invariant)

Hence oz(a(b)) = o5(b). Therefore oy is FPQ-injective.[

Corollary (2.2.7): Every fuzzy duo subact of FPQ-injective act is FPQ-

injective.

Definition (2.2.8):Let C be a stable and let (C, o.) be a fuzzy subact of fuzzy

S-act (4,a,) , then (C, o) is called fuzzy stable if a(oc) < oc for each fuzzy S-

homomorphism a: (C,a;) = (4, ).

A fuzzy S-act (A4, 0,) is called fuzzy fully stable if A is fully stable and each

fuzzy subact of (4, g,) is fuzzy stable.

Proposition (2.2.9): Let S be commutative monoid and A be multiplication S-

act and op Is fuzzy subset on A. If (4, a4) is FPQ-injective S-act, then (4, ay) is

fuzzy fully stable.

Proof: For each C = aS$S principal subact of A and Vf € Hom(C, A), then
dg € Hom(A,A) and a € A such that g|. = f and 64(g(a)) = o4(a). It
follows from proposition (1.2.14), A is fully stable. Now, to prove that A is
fuzzy fully stable. That is f(o;) € o, Vf € Hom(C,A). Then for each c € C,

we have:

aa(f(€)) = a4(g(c)) (since gl¢ = f and f(c) € C (f(C) € C))

> ay(c) (since g, is FPQ-injective)
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= o.(c) (since Op, = oc)

Hence a,(f(c)) = oc(c), forevery c € C. (i.€) f(a¢c) € o0

Proposition(2.2.10): If E(A) is fuzzy fully stable ,then (4, a,) is FPQ-injective
S-act.

Proof: For each C = a$ and for each a: C — A is S-homomorphism. By
injectivity of E(A), 3h € Hom(E(A),E(A)). Put g = h|,4, but E(A) is fully
stable so g(A) < A, then g € Hom(A, A). Therefore A is PQ-injective. Now, to

prove the fuzzy condition. Consider the diagram (9):

ﬂ‘, t—>A—ir—3E(A)
a 9

y

A h

E(A)
Diagram (9)

Then GA(g(a)) = og(a), Vg € Hom(A,A)anda € A
= oy(a) (since ogay|, = 0a)-

Thus (4, a,) is FPQ-injective.[]

Definition (2.2.11): Let B be pseudo principally A-injective S-act. Let (4, 0,4)

and (B, o) be two fuzzy S-act , then op is called fuzzy pseudo principally o 4-
injective S-act (F pseudo P- g4-injective) if for every fuzzy principal subsct
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(C,0¢) of (4, a4)and for each fuzzy S-monomorphism a: (C, ;) — (B, gg) can

be extended to a fuzzy S-homomorphism f: (4,04) — (B,03) .

A fuzzy S-act (4, a,) is called fuzzy pseudo principally quasi injective (for

short F pseudo PQ-injective act) if it is fuzzy pseudo principally ca-injective.

(FPQ- injective S-act - > F Pseudo PQ-injective S-act)

Remark (2.2.12): It is clear every FPQ-injective (and hence FQ-injective) S-

acts is F pseudo PQ-injective S-acts (for this, Let (4, d,) be a FPQ- injective S-
act. Then A is PQ-injective S-act and (4, a,) satisfy the fuzzy condition. Since
A is PQ-injective S-act then A is pseudo PQ-injective S-act (by remark and
example (1.2.16)). Thus g, is F pseudo PQ-injective S-act).

The converse of remark above is not true (since every pseudo PQ-injective S-act
IS not PQ-injective (and hence not quasi injective S-act), see remark and
example (1.2.16)).

Example (2.2.13): Let S be a monoid such that S = {a, c, e}, with a be left zero

of Sand ca = cc = a and e be the identity element. Then consider S as an S-act
over itself. Since every homomorphism from right principal subact (as =
{a}or ¢S = {a,c}) can be trivially extended to S-homomorphism of S..

Therefore Sg is Pseudo PQ-injective. Then the function o5:S — [0,1] defined

E if x=a

by: ag(x): 4 % if x =c .Hence gg is fuzzy S-act on S and also it follows
|1 .
kE ifx=e

from definitions of o that og(a(x)) = o5(x),Va € Hom(S,S) and x € S.

Therefore o is F Pseudo PQ-injective S-act .
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Theorem (2.2.14): Fuzzy retract of fuzzy pseudo PQ-injective act is fuzzy

pseudo P-cg-injective.

Proof: Let (4,04) and (B, ag) be two fuzzy S-acts. Suppose that (B,og) is fuzzy
pseudo PQ-injective and let (4, a,) be a retract of (B, o). By definition of the

fuzzy retract for any fuzzy S-homomorphism ,then:

dg: (A,04) = (B,0y) Thatis ag(g(a)) = ags(a) .....(1)
dn: (B,ag) = (4,04) Thatis o,4(m(b)) = a5(b) .....(2)

Such that mog =14. Since B is fuzzy pseudo PQ-injective S-act,
then B IS pseudo PQ-injective S-act and SO
o5(6(b)) = 05(b),v6 € Hom(B,B),b € B ...(3). But A is retract of B, then
A is pseudo P-B-injective S-act (by remark (1.2.16) (2)). To show
that o, (¥ (b)) = o5(b) , VY € Hom(B, A). Consider the diagram (10):

C ; > B

7 1C

B

Diagram(10)
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Then 3y = 706 ,1 € Hom(B, A). Now, for every b € B, then we have:
a4(Y(0)) = oa(108 (b))
= ou(m(6 (b))
>05(0(b))  by(2)
> o5(b)  by(3),vy € Hom(B,A)

Therefore g, is fuzzy pseudo P-ag-injective.[]

The following lemma is a generalization to lemma (3.3.3) in [1]:

Lemma (2.2.15): Every fuzzy pseudo P-cg-injective subact of a fuzzy S-act cg

is a fuzzy retract of og.

Proof: Let (B,og) be a fuzzy S-act. Leti,.:(C,o.) = (B,og) be the inclusion
map and I.: (C,o.;) — (C,o.),which are clearly fuzzy S-homomorphism. Then
,fuzzy pseudo P-cg-injectivity of o., this mean there exists a fuzzy S-

homomorphism f: (B, ag) —(C, o), see diagram (11):

C
Diagram(11)

Then Boi, = I.. Therefore o, is a fuzzy retract of og.[!
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Proposition (2.2.16): Let (M, a),) be a fuzzy S-act. If (B, og) is a fuzzy pseudo

P-om-injective ,then op is a fuzzy pseudo P-ca-injective act for any principal

fuzzy subact o, of ay,.

Proof: Suppose that (B,og) is fuzzy pseudo P-ow-injective, then (1) B is
pseudo P-M-injective and (2) og(a(m)) = oy (m) Va € Hom(M,B) and
m € M. From (1) and by proposition (1.2.17) we get, B is pseudo P-A-injective.
Then there exists B: A — B such that § = aoi,. Now, to show that the fuzzy
condition for the pseudo P-A-injective. Then VB € Hom(A,B) and a € A, we

have:
o5(B (@) = o5(a0iy(a))
= gp(a(a))
= oy(a) by(2)
> 0y(a)

Consider the diagram(12):

X—i i——>M

p o

Diagram (12)

Therefore o3 Is a fuzzy pseudo P-ca-injective act for any principal fuzzy subact

41



Theorem (2.2.17):L et (Aq,04,) and (A, 04,) be two fuzzy S-acts. If caleas is

fuzzy pseudo PQ-injective. Then o, is fuzzy pseudo P- aAj-injective (where

i,j=1,2).

Proof: Let g4 = oga19a2 e fuzzy pseudo PQ-injective S-act. Then (1) A is
pseudo PQ-injective S-act, and (2) A is fuzzy pseudo P-As-injective (by
proposition (2.2.16) ) (i.e g4(a(a;)) = 04,(az),Va € Hom(Az, A))

From (1) and by theorem (1.2.18) we get,A; is pseudo P-A,-injective.
Now ,to show that the fuzzy condition for the pseudo P-A,-injective.

Let m:(A,04) = (A1,04,) be a fuzzy S-homomorphism (projection map)

(i.e) g4, (n(a)) = o4(a) ... 3)

Consider the diagram(13):

f A B = moa

A
Diagram(13)

Then 8 = moa. Now, for every a, € A,, then we get:

04, (,3 ((12)) = 0y, (ﬂoa(az))
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= 0y, (m(a(ay))
> o(a(@) by
=0y,(az))  by(2)

Therefore g, is fuzzy pseudo P-gy,-injective S-act.[]

The following corollary is immediately from Theorem (2.2.17):

Corollary (2.2.18): Let {M;}ic; be a finitly of S-acts , where I is a finite index

set. If ogicivi Is pseudo PQ-injective , then oy is pseudo P-owmk-injective for all

J,kel.

Before the next corollary , we introduce the following lemma:

Lemma(2.2.19): Let {N;} be a family of S-acts, where I is a finite index set.

Then the direct product [];e;op,is a fuzzy pseudo P- g4-injective if and only if

oni IS a fuzzy pseudo P-a,-injective Viel

Proof: =) Suppose that oy = [[ie;0n, Is @ fuzzy pseudo P-ca-injective, then

(i) Ns is pseudo P-A-injective
and (ii) oy (a(a)) = o4(a),Va € Hom(A,Ns) and a € A .... (1)

From(i) and by lemma (1.2.19) , we get: N; is pseudo P-A-injective S-act. Now,
to show that the fuzzy condition for the pseudo P-A-injective for every i. Let

m;: (Ng, 0n,) = (N;, ay,) be a fuzzy S-homomorphism (projection map)

(i.e) aNl.(ni (n)) = oy, (1) ... ... (2)

Consider the diagram(14):
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y
N

\ .

N

o~

—_—

Diagram(14)
Then f = m;0a and for every a € A, we have:
on,(B(@)) = oy, (moa(a))

= oy, (n(a(a))

> UNS(a(a)) by(2)

> ga(a) by(1)
Therefore, oy is a fuzzy pseudo P-ca-injective Viel.
<) Suppose that oy is fuzzy pseudo P-ca-injective for each iel.
Then (i) N; is pseudo P-A-injective and

(i) on,(Bi(@)) = g4(a), VB; € Hom(A,N;),a €A ... ....(1)
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From (i) and by lemma (1.2.19) ,we get: [];¢;N; is pseudo P-A-injective. Now,
to show that the fuzzy condition for the pseudo P-A-injective. Let
@it (Nj,on,)—>(Ng,0y,) be a fuzzy S-homomorphism.(injection map)

(i) oy (@i (M) = oy, (1) ... ... (2)

Consider the diagram(15):

C

N;
Diagram (15)
Then 8 = ¢@;0p; and for every a € A, we have:
on,(B(@) = oy, (pi0B:(a))
= oy, (@i (Bi(a))
2oy (Bi(@)  by(2)

= gy(a) by(1)
Therefore, the direct product [;¢; oy, is a fuzzy pseudo P-ca-injective.]
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The following corollary is a generalization of corollary(3.3.8) in [1]:

Corollary (2.2.20): For any integer n>2,c," is fuzzy pseudo PQ-injective if and

only if oa is fuzzy pseudo PQ-injective S-act.

Proof: Let cA" be a fuzzy pseudo PQ-injective S-act, then it follows from

corollary (2.2.18), o, is fuzzy pseudo P-a,-injective. Hence o, is fuzzy pseudo
PQ-injective S-act.

Conversely, Let o4 be a fuzzy pseudo PQ-injective S-act, then it follows from

lemma (2.2.19), o 4n is a fuzzy pseudo PQ-injective S-act.]
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2.3 Fuzzy Closed Injective S-acts

In this section, we introduced the concept of fuzzy closed quasi
injective S-act. The aim of introducing and studying the notion of fuzzy closed
quasi injective S-act is to create a basis facilitate for the exchange ideas between
fuzzy modules theory and fuzzy act theory. As well as it represents a

generalization of the closed quasi injective S-act.

Before we give the fuzzy closed quasi injective S-act definition , the following

basic concepts must defined:

Definition (2.3.1): A non-zero fuzzy subact (N, oy) of fuzzy S-act (4,0y) is

called fuzzy intersection large if for all non-zero fuzzy subact (C, ;) of g,

such that o A oy # 6.

Definition (2.3.2): Let (4,0,4) and (B,og) be two fuzzy S-actthen the fuzzy

subact o, of oy Iis called fuzzy closed if it has no proper fuzzy intersection
large extension ino, that is the only solution of o, <" 0, S o is oy =

a.. (Where < and = are fuzzy subact and fuzzy proper subact respectively)

Definition (2.3.3) : Let B be closed A-injective act (for short C-A-injective) and

let (4,0,) and (B, og) be two fuzzy S-acts, then o is called fuzzy closed o 4-
injective (for short FC-ag,-injective) if for any fuzzy S-homomorphism from a
fuzzy closed subact of o, to o5 can be extended to fuzzy S-homomorphism
from oy to o4. An fuzzy S-act oy is called fuzzy closed quasi injective (for

short FCQ-injective) if o is FC-ag-injective.

(FQ- injective S-act > FCQ-injective S-act)

~

47



Remark (2.3.4): It is clear every fuzzy quasi injective S-acts is FCQ-injective

S-acts (for this, Suppose that (4,0,4) is a FQ- injective S-act. Then A is quasi
Injective S-act and (4, a,) satisfy the fuzzy condition. Since A is quasi injective
S-act, then A is CQ-injective S-act (by remark and example (1.2.22)). Thus g,
Is FCQ-injective S-act).

The converse of remark above is not true (since every C-quasi injective S-act is

not quasi injective S-act, see remark and example (1.2.22))

The following proposition is a generalization of the proposition (2.4) in [2]:

Proposition (2.3.5): Let (4,04) and (B, o) be two fuzzy S-act,and let g, be a

fuzzy closed subact of a fuzzy S-act og.1f g, is FC- ag-injective,then any fuzzy
monomorphism from (4, a,) into (B, ag) fuzzy split (in other words if g, is FC-

og-injective act, then g, is a fuzzy retract subact of o).

Proof: Let a:(A,0,) — (B,og) be a fuzzy S-monomorphism such that g, is

fuzzy subact of op.

Since g4 is FC- og-injective act ,then therte exists a fuzzy S-homomorphism

B:(B,og) = (A,0,) such that aof = Igz. As shown in the diagram (16):

Diagram (16)
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Implies that g, is a fuzzy retract subact of og.0

Proposition (2.3.6): Let (4, d,) be a fuzzy S-act and let o4 be a FCQ-injective

act. then every fuzzy fully invariant closed subact of g, is FCQ-injective.

Proof: Let (B, gp) be a fuzzy fully invariant closed subact of o,. Suppose that
(N, ay) is a fuzzy closed subact of o5. But o4 is a FCQ-injective act, then we
have: (1) A is CQ-injective act; and (2) 3B8:(4,04) — (4,0,) be a fuzzy
S-homomorphism, that is g,(8(a)) = g4(a). From (1) and by proposition
(1.2.23), we get: B is CQ-injective act. Now, to show that the fuzzy condition
for the CQ-injective act. But by hypothesis we get, f(o5) S o5. Consider the
diagram (17):

ah

B
Diagram (17)

Then there exists h = f|z: (B,05) = (B,05) be a fuzzy S-homomorphism.

Thus o is FCQ-injective act. [

Proposition (2.3.7): Every fuzzy retract subact of FC- a4-injective act is FC-o,-

Injective act.

Proof: suppose that (4, 04) and (B, a) are fuzzy S-act.
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Let oz be FC- ag4-injective act and let (N, oy) be a fuzzy retract subact of o5.

Let oy be a fuzzy closed subact of o4 and a: (X,0x) — (N, oy) be a fuzzy S-
homomorphism. Since oy is FC-a4-injective act, then: (1) B is C-injective act;
and (2) 3B:(A,04) » (B,og) be a fuzzy S-homomorphism that is
og(B(a)) = g4(a). From (1) and by proposition (1.2.24) we have, N is C-A-

injective. Now, to show that the fuzzy condition for the C-A-injective act.

Let my:(B,og) » (N,oy) be a fuzzy S-homomorphism, that is

on(my (b)) = o5(b) ... ... (3)

Consider the diagram (18):

X iy

.

B
Diagram (18)
Then h = myop and for every b € B,

on(h(b)) = oy (myop (D))
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= oy (ny (B (b))
> op(B(b)) by (3)
> a,(b) by (2)

Therefore gy is FC- a4-injective act.[]

Proposition (2.3.8): let (4, a,) and (B, o) be two fuzzy S-acts. If ggis FC- gy-

injective act, oy Is fuzzy closed subact of g, and then oy is FC- ay-injective

act.

Proof: Suppose azis FC- g,-injective act, then (1) B is C-A-injective act; and
(2) 3B:(A,04) = (B,og) be a fuzzy S-homomorphism, that is
o5(B(@)) = g4(a),a € A.

From (1) and by proposition (1.2.25) we get, B is C-N-injective act. Let oy be a
fuzzy closed subact of oy and let f:(X,ox) —» (B,0z) be a fuzzy S-

homomorphism. Then 3h: N — B such that h = Boiy. To show that h is fuzzy

S-homomorphism. Consider the diagram (19):
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y
A

Diagram (19)
Then ag(h(n)) = a5(Boiny(n)), h € Hom(N,B)and b € B
= op(B(ix(n))
= o5(B(M))
20,(n)  by(2)
=oy(n) (since oy is fuzzy closed subact of a)

Therefore o5 is FC-oy-injective act.[]

The following corollary is a generalization of the corollary (2.8) in [2]:

Corollary (2.3.9): let (4,0,) and (B, o) be two fuzzy S-acts.Then g is FC-

a,-injective act if and only if o5 is FC- ox-injective act for every fuzzy subact

Ox Of Oy.
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Proof: =) suppose that o is FC- g,-injective act.

By proposition (2.3.8), ap Is FC-ax-injective act ,for every fuzzy closed subact

Ox Of Oy.

<) since gy is fuzzy closed subact itself and by assumption,we have oy is FC-

o,-injective act.[]

Proposition (2.3.10): Let (4,0,) be a fuzzy S-act and {N;|i € I} a family of

fuzzy S-act.Then [[;e,0w, is FC- a4-injective act if and only if oy, is FC- a,-

injective act for every i € I.

Proof: =) Suppose that oy = [[;e;on, FC- ay-injective act. Then (i) N is
C-A-injective act, and (ii) 3n: (4, 0,) — (N, ay,) is a fuzzy S-homomorphism
that is UNS(TI(n)) > ag4(a). From(i) and by proposition (1.2.26) we have: N; is
C-A-injective act. Then there exists 8: A — N; such that 8 = my on, to show
that 7 is fuzzy S-homomorphism. Let my : (N, on ) = (N;,0y,) is a fuzzy
S-homomorphism (projective map) that is oy, (nNi(n)) = oy, (1) ... ... (3).

Consider the diagram (20):
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N;
Diagram (20)

Then for every a € Aand, oy, (6(a)) = oy, (T[Nion (a))

= UNi(”Ni(n (a))

> oy (n(a@) by (3)

> oy(a) by (2)
Therefore oy, is FC- a4-injective act for every i € I.

<) suppose that ayis FC- gy-injective act for every i € I. Then (i) N; is
C-A-injective act for every i € I, and (ii) 3¢: (4,04) — (N;, 0y,) is a fuzzy
S-homomorphism that is oy,(§(a)) = g4(a). From (i) and by proposition
(1.2.26) we get, Ng =[]ieon, is C-A-injective act. Then there exists

A:A = N; such that A = jy,0¢, to show that Ais fuzzy S- homomorphism. Let
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Jn;: (Ni,on,) = (N, 0y, ) be a fuzzy S-homomorphism (injection map) that is
O-Ns (]Nl(n)) = O-Nl.(n) ...... (3)

Consider the diagram (21):

Diagram (21)

Then for every a € A and,
oy (A(@)) = oy, (jn,0 (@)
= oy, iy, (§ (@)
> oy,(6(a)) by(3)

> oy(a) by(2)

Therefore ay_is FC- g4-injective act. [

The following proposition is a generalization of the proposition (2.10) in [2]:
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Proposition (2.3.11): If a4n is FCQ-injective act for any finite integer n, then

a, is FCQ-injective.

Proof: Suppose that o4n iIs FCQ-injective act for any finite integer n, then by
corollary (2.3.9), o4n is FC-ag,-injective act. Since g, is fuzzy retract of oyn
,then by proposition(2.3.7), a, is FC-a,-injective act. Thus o, is FCQ-injective

act.[’]

Before the next lemma , we need the following definition:

Definition (2.3.12): A fuzzy S-act g, is called fuzzy relatively closed injective

if oy, Is FC—aAj—injective for all distinct i, j € I ,where 1 is the index set.

The following lemma is a generalization of the lemma (2.11) in [2]:

Lemma (2.3.13): Let (A,04,) and (A3, 0,,) be two fuzzy S-acts and g4 =
04,® ay,.If a4 is FCQ-injective act ,then o, and g4, are both FCQ-injective

acts is FC-a,-injective act and they are fuzzy relatively C-injective act.

Proof: Suppose that g4 is FCQ-a4-injective act, this means that o4 is FC-0y-

injective act. Then by proposition (2.3.7), o4, and a4, are two FC-injective acts.
Also it follows from corollary (2.3.9),04,(0,,) is FC- 0, (04,)-injective act

(since a,, and gy, are fuzzy closed subacts).

Recall that an fuzzy S-act (A4, 0,) is said to be satisfy fuzzy C,-condition if for

every fuzzy closed subact of g, is a fuzzy retract subact of o, .
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Now, before we get to the relationship among FC-o4-injective act and fuzzy

Injective act and fuzzy extending act, we must know the following concept:

Definition (2.3.14): An fuzzy S-act (4, g4) is called fuzzy extending act if it is

satisfied fuzzy C,-condition.

The following proposition is a generalization of the proposition (2.13) in [2]:

Proposition (2.3.15): An fuzzy S-act (4, ad,) is fuzzy extending act if and only

if every fuzzy S-act is FC-o,4-injective act.
Proof: =) by definition of fuzzy extending act.

<) Let oy be a fuzzy closed subact of a fuzzy retract S-act g,. But oy is
FC-a,-injective, then by proposition (2.3.5),0y is a fuzzy retract subact of g,. It

follows that g, is fuzzy extending act. [

Definition (2.3.16): An fuzzy S-act (4,a,) is called fuzzy Hopfian if every

fuzzy surjective S-homomorphism A: (4, 04) — (4, o4) is fuzzy injective.

Definition (2.3.17): An fuzzy S-act (4, a4) is called fuzzy co-Hopfian if every

fuzzy injective S-homomorphism A: (4, 04) = (A4, a,) is fuzzy surjective.

Definition (2.3.18): An fuzzy S-act (4,0,) is called fuzzy directly finite if

poB =1,, then Bop=1, for any fuzzy  S-homomorphism

®, :8: (A, O-A) - (A, O-A)'
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Proposition (2.3.19): Every fuzzy co-Hopfian is fuzzy direct finite.

Proof: Let (A4,0,) be a fuzzy S-act and let o, is fuzzy co-Hopfian and

a,B:(A,04) > (A,04) are fuzzy S-homomorphism such that aof = Iy.
Consider the diagram (22):

Ly P

A
Diagram (22)

Then by theorem (1.3.16), B is injective S-homomorphism , and hence fuzzy
injective. But a4 is fuzzy co-Hophian, then B is fuzzy isomorphism and thus
there exists B, Then a = aoBoBf ™' = L,of™' = B, s0 Boa = BoB~ ! = I,

which implies that o, is fuzzy directly finite. []

Proposition (2.3.20): Every FC-quasi injective act and fuzzy directly finite is

fuzzy co-Hopfian.

Proof: Let (4,0,) be a fuzzy S-act and let a: (4,0,) — (4,04) be a fuzzy
injective S-homomorphism of A and |4 is the identity fuzzy S-homomorphism,

but g, is FC-g,-injective act, so there exists a fuzzy S-homomorphism
B:(A,04) = (A,0,) such that foa = I,. Since g, is fuzzy directly finite, so
aof = I, which implies that a is surjective S-act by theorem(1.3.16), and

hence fuzzy surjective S-act. Therefore, g, is fuzzy co-Hopfian. [J
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Lemma (2.3.21): Every fuzzy Hopfian is fuzzy directly finite.

Proof: Let (4, a,) be a fuzzy S-act. If for any f, g: (4,04) — (4, 04) are fuzzy
S-homomorphism and fog = 1, then by theorem (1.3.16 ), f is surjective, and
hence fuzzy surjective. But o4 is fuzzy Hopfian act and then f is fuzzy
iIsomorphism and g is inverse of f. Thus gof = I, which implies that g, is fuzzy

directly finite act.’]

The following proposition shows that the concepts of fuzzy Hopfian, fuzzy co-

Hopfian under FC-quasi injectivity condition:

Proposition (2.3.22): Let (A,0,) be a fuzzy S-act and let o4 is FC-quasi

injective act. Then the following concepts are equivalent:
(i) o, is fuzzy Hopfian.

(ii) a4 is fuzzy co-Hopfian.

(iii) o4 is fuzzy directly finite.

Proof: (i) = (ii) by lemma (2.3.21) and by proposition (2.3.20), then o, is

fuzzy co-Hophian.

(ii) = (iii) by proposition (2.3.20) .

(iii) = (i) Let a: (A,04) — (A,04) be a fuzzy injective S-homomorphism of
A, then the inclusion map (fuzzy) i:(a(a),oqq)) — (4,04) is fuzzy
iIsomorphism. Since by proposition (2.3.20), g, is fuzzy co-Hopfian. Thus
aol = I, 4y Also since g, fuzzy directly finite, so ioa = I,(4) (since a(A)=A).

Hence a is injective by Theorem (1.3.16), and hence fuzzy injective. Then it is

fuzzy isomorphism. Thus o, is fuzzy Hopfian.
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PSEUDO INJECTIVE
L-FUZZY ACTS



CHAPTER THREE

Introduction

The concept of fuzzy sets was introduced by L. A. Zadeh in 1965. The
membership grades are very often represented by real number values ranging in
the closed interval between 0 and 1. Elements of this set are not required to be
numbers as long as the ordering among them can be interpreted as representing
various strengths of membership degree. Thus the membership set can be any
set that is at least partially ordered and the most frequently used membership set
Is a lattice. J. A. Goguen [12] in 1967 introduced the notion of a fuzzy set with a
lattice as the membership set. Fuzzy sets defined with a lattice as ship set are
called L-fuzzy sets or L-sets, where L is intended as an abbreviation for lattice.
In [16], introduced the fuzzy aspects of pseudo injective L-modules. Such fuzzy
sets have some applications in the technological scheme of the functioning of
silo-frame with pneumatic transportation, in a plastic products company and in
medicine [6]. An interval-valued fuzzy set (IFVs) is defined by an interval
membership function IVFs are a special case of L-fuzzy sets in the sense of
Gogune [12].

In the present chapter, we studied the fuzzy aspects of pseudo injective L-
fuzzy acts. We introduced and discussed pseudo injective L-fuzzy acts and their

associated structures.
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3.1 L-Fuzzy Acts

In this section, we give some definitions and results that we needed in the

section two.

Definition (3.1.1) [17 ]: A lattice, respectively a complete lattice, is an ordered

set, in which every two-element subset, respectively subset, has an infimum and

a supremum.

Definition (3.1.2) [12]: Let L be a lattice, then L is called a completely

distributive if it is complete and satisfies the following completely

distributive law, together with its dual:

a/\\/i =\/(a/\bi).

i

Definition (3.1.3) [23]: By an L-fuzzy set of X, we mean a mapping a: X — L

,where L is complete lattice ordered of semigroups. The set of all L-fuzzy sets
of X is called the L-fuzzy power set of X and is denoted by L*. In particular,

when L is [0,1], the L-fuzzy sets of X are called fuzzy sets.

Definition (3.1.4) [23]: Let u, A € L*. If u(x) = A(x) Vx € X, then we say that

u is contained in A (or A contains n) and we write u € A (or A2 ). Ifuc A
and u # 1, then p is said to be properly contgained in A (or A properly contains

w) and we write u c A.
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Definition (3.1.5) [23]:Let u, A € L*. Define pU A and u N Ain L* as follows:
Vx € X

(LU ) = u(x) Vv A(x) and
(LN = px) AAx).

Then puuA and unA are called the union and intersection of pu and A

respectively.

Definition (3.1.6) [4]: Let S be a monoid with a two sided zero, and A, a right

S-act with a zero element ©4. A mapping u: A — L is called L-fuzzy subact of

A if the following conditions hold:

(D) u®,) = 1.

(ii)u(as) = u(a).va € Aand Vs € S.

As considering in [12], we can redefine the following:

Definition (3.1.7): Let A and B be two S-acts and let u € L(A) and A € L(B).

Let B: A — B be a homomorphism, then we say that 8: (4, u) = (B, A):-
(1) Is L-fuzzy homomorphism if g(u) € A.
(2) Is L- fuzzy epiomorphism if g(u) = A.

(3) Is L-fuzzy isomorphic if satisfy (1) and (2), and we write u = 1.
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Definition (3.1.8) [23]: Let o be a mapping from X into Y and u € L*X and

v € LY. The L-fuzzy subsets a(u) € LY and a~1(v) € L*.defined by Yy € Y,

_(viu):x e X, alx) = y}if a”'(y) # ¢
(W) = {O otherwise

And Vx € X,a (V) (x) = v(a(x))

Are called respectively the image of u under o and the pre-image of v under o.

In[16], H.Kalita define an essential monomorphism in the modules, analogy we

will give the definition of essential monomorphism in the acts.

Definition (3.1.9): Let 8:C — A be a mononorphism. Then 3 is said to be an

essential monomorphism if Imp is an essential subact of A.

Definition (3.1.10) [25]: For a semigroup S, a non-zero S-act B is called
uniform if every non-zero subact is large in B. So is a semigroup S is called
right (left) uniform if the right (left) Ss (Ss) is uniform.

Example (3.1.11): Q and Z are uniform Z-acts. Also simple acts are uniforms.

Definition  (3.1.12) [14]: Let ue€L®. Then u is said to have the

supremum  property if for each subset B <SS, such that

V{u(x):x € B} = u(y) forsomey €B.
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3.2 Pseudo Injective L-fuzzy Acts

In this section we introduce the concepts of pseudo injective L-fuzzy act
and essential pseudo injective L-fuzzy act , L(v,A,1,0) represent a complete
distribuitive lattice with maximal element ‘1’ and minimal element 0’;\’

denotes the supremum and ‘A’ the infimum in L

Definition (3.2.1): Let N be an injective S-act and let u € L(N).Then p is said

to be an injective L-fuzzy subact of N if for any S-acts A,B and n € L(A4),
¢ € L(B), B any monomorphism from A to B such that g(n) = & on B(A) and
f:A — N any S-act homomorphism such that 8(n) = u on 6(A), we have that

there exists an S-act homomorphism a: B — N such that 8 = aof8 and a(§) S

U, see diagram (23):

N

Diagram (23)

Definition (3.2.2): Let C be a pseudo injective S-act and let u € L(C).Then pu is

said to be Pseudo injective L-fuzzy subact of C if for every monomorphisms
of S-act a,f:A— CneLCA), with supremum property
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a(m) =u,B(m) =pnona(Ad) and f(A),there  exists an  endomorphism
0<cEnd(C) such that « = 6op and 8(u) S u, see diagram (24):

C

Diagram (24)

Proposition (3.2.3): Let A be an S-act ,then the following statements are

equaivalent:
(1) neL(A) is a pseudo injective L-fuzzy act.

(2) For every S-monomorphism a:C—-A and pf:C—->B where B
embeds in A, let n€L(C),u € L(A)andy € L(B) such that a(n) =u
on o(C) and B(m) =yonpB(C), there exists 6 € Hom(B,A) such that

a = 0of and 6(y) € u.

(3) For every S-monomorphism a:C - A and B:C — B where B is a
subact of A, let neL(C),u€L(A)andy € L(B) such thata(n) =pu
on o(C) BMm) =yonpB(C), there exists 6 € Hom(B,A) such that
a = 0of and 6(y) S u.
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(4) Every S-monomorphism a: C — A where C is a subact of A, and y € L(B),
u € L(A) such that a(y) = u on a(C), can be extended to 6 € End(A) and
6(u) € p.

Proof: (1) = (2) Let a:C - A and :C - B be S-monomorphism where B
embeds in A and let n € L(C),u € L(A) and y € L(B) such that a(n) = u on
of(C) and B(m) =yonpB(C). Then there exists an S-monomorphism

6::B — A. Therefore 6,08:C - A is S-monomorphism. Then there exists

0, € End(A) such that @ = 6,06,08 by (L).
Let 6,00, = 0: B —» A.Then a = fof and
6(y)(a) =V {y(x):x € B;0(x) = a}
=V {y(x):x € B; 6,00,(x) = a}
=V {u(6,(x)): x € B; 6,(0,(x)) = a}
<vV{u():y € 4:6;(y) = a}
= 0,(w(a)
< u(a)
Therefore 8(y)(a) < u(a),Ya € B and hence 6(y) C u.

As shown in the diagram (25):
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~)
W
53
¥

A
Diagram (25)
(2) = (3) = (4): The proof is obvious.

(4) > (1): Let a:N » Aand B:N — A be S-monomorphisms and let n €
L(N),u € L(A)and y € L(C) such that a(n) =puona(N) and L) =
pon B(N).Then a: N - Ima is an isomorphism, so there exists a~1: Ima —» N

such that o loa = 1,.

Then Boa~t:Ima — A is monic. Hence there exists 8 € End(A) such that
O|img = Boa™t for every neN, Boa(n) = foatoa(n) =B(n). Then

Boa = (. Therefore A is a pseudo injective act.

Since u € L(A) and 8(u) <€ u, therefore u € L(A) is a pseudo injective L-fuzzy

act.

Proposition(3.2.4): Let u € L(A) is a pseudo injective L-fuzzy act.Then:

(1) Every S-monomorphism a € End (A) splits.

(2) for every S-monomorphism a:C - A and B:C — C, let n € L(C) and
u € L(A) such rhat a(n) = uona(C) and B(n) =nonB(C), there exists
6 € Hom(C,A) such that « = 8of and 8(n) < u.
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(3) Every S-monomorphism a € Hom(A, B), where B embeds in A and let

u € L(A) and y € L(B) such that a(u) = y on a(A) splits.

Proof: (1) For S-morphism « € End (A) and I, € End(A), there exists
B € End(A) such that foa = 1,.Thus a is splits, see diagram (26):

A v A

A
Diagram (26)

(2) Let a:C - A and B: C — C be S-monomorphisms and let n € L(C) and
u € L(A) such that a(n) = won a(C) and f(n) =n on B(C). Then C embeds

in A. Also there exists an 8 € Hom(C, A) such that « = 6o and 8(n) € u by
proposition (3.2.3) (2).

(3) Let a: A — B be an S-monomorphism and let 4 € L(A) and y € L(B) such
that a(u) =y on a(A).Then since a:A - B and I,: A —» A , then there exists

B:B — A is S-homomorphism such that I, = foa and B(y) € u by proposition
(3.2.3) (2). Consider the diagram (27):
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2
®

A
Diagram (27)

Thus o splits. O

In [7], A.Alahmadi, N.Er and S.K.Jain define an essentially pseudo injective
modules, analogy we will give the definition of essentially pseudo injective

acts:

Definition (3.2.5 ): Let A and B be two acts, then A is called essentially

pseudo-N-injective acts if for any essential subact C of B, any monomorphism

a: C — A can be extended to some f € Hom(B, A).A is said to be essentially

pseudo —injective acts if A is essentially pseudo-A-injective.

Definition (3.2.6): Let C be an essential pseudo injective S-act and let

uel(C).Then u is said to be essential pseudo injective L-fuzzy subact of C if
for every monomorphism of S-act B:4 — C,n € L(A) with Imp, fuzzy
essential subact of C and B(n) = u and for every S-act homomorphism
a:A - C with a(n) = u on a(A) there exists an endomorphism heEnd(C) such

that « = hof and h(u) € u.
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Theorem (3.2.7): For a uniform act A the following conditions are equivalent :

(@) A is essential pseudo injective act and u € L(A) is essential pseudo injective

L-fuzzy act.
(b) A is pseudo injective and u € L(A) is pseudo injective L-fuzzy act.
Proof: (a) = (b)

Let A be essential pseudo injective act and u € L(A) is essential pseudo

injective L-fuzzy act. First we are to show that A is pseudo injective act. Let C
be any S-act with n € L(C) and a,8: C — A be S-monomorphisms such that
a(n) =pnona(C) and B(n) = wnon B(C). Since A is a uniform act; then all
subacts of A are essential in A and thus B:C— A is an essential
monomorphism, that is Imf essential subact of A. Thus by definition of
essential pseudo injectivity act of A, then there exists 6 € End(A). Thus

a = Bof. Therefore A is pseudo injective act, as shown in the commutative
diagram (28):

C—oa—A

A
Diagram (28)

Now, to prove that u € L(A) is pseudo injective L-fuzzy act. Since u € L(A) is

essential pseudo injective L-fuzzy act by (a), we get 8(u) S u where 6: A — A.
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(b) = (a)
Let A be pseudo injective act and u € L(A) is pseudo injective L-fuzzy act.

First we are to show that A is essential pseudo injective act. Let C be any S-act
and let a: C — A be any monomorphism, where C is essential subact of A. Then

by definition of pseudo injective act, there exists 8 € End(A), hence A is

pseudo injective act, see diagram (29):

C

316

A
Diagram (29)

Now, to show that A is essential pseudo injective L-fuzzy act. Since u € L(A)
Is pseudo injective L-fuzzy act by (b). Therefore A is essential pseudo injective

L-fuzzy act.

Theorem (3.2.8): Let u € L(A). If A has no proper essential subact, then p is

essential pseudo injective L-fuzzy act.

Proof: suppose that A is act has no proper essential subacts and u € L(A). First
we are to show that A is essential pseudo injective act. Let a: C — A be any
monomorphism, and S:C — A be any essential monomorphism such that

n€L(C) and B(u) =nonB(A) and a(u) =nona(A). Therefore by the

71



given condition, B(C) = A. Thus B is on to. Hence P is an isomorphism. So ™

exists. consider the diagram (30):

C

Diagram (30)

Then aoff~1 = 0: A — A, thus 8o = a. Hence A is essential pseudo injective

act. Now, to show that 8(u) < u.
Given p € L(A) and
0(u)(a) =V {u(x):x € 4,0(x) = a}

=V {u(x): x € 4; (@™ (x) = a}

=V {u(x):x € A; (B~ (x)) = a}

=v (B~ (x)):x € A (B~ () = a}

=Vin(y):y €Caly) =a}

= a(m)(a) < u(a)

Thus we have 8(u)(a) < u(a),Va € A and hence 6(u) < u.[
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CONCOLUSION

Through our study of the above study, we found that there is a relationship
between the fuzzy pseudo principal quasi injective S-act and other cases of
fuzzy S-act ,see corollary (2.2.17). Relationship of the concepts of fuzzy quasi
injective, fuzzy pseudo principal quasi injective S-acts with fuzzy direct sum.
Relationship between of fuzzy principal quasi injective S-acts and fuzzy fully
invariant acts. Also we obtain relationship between of fuzzy closed quasi
Injective S-acts, fuzzy Hopfain, fuzzy co.Hopfain and fuzzy direct finite.
Finally, from theorem (3.2.7) obtain relationship between of pseudo injective L-
fuzzy acts and essentially pseudo injective L-fuzzy acts.
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FURTURE WORK

This thesis dealt with an important topic in the field of science and knowledge,
especially for those who work in the field of applied algebra, for future work
one can study Intuitionistic fuzzy injective S-acts, and other types of S-acts.
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